A note on a refined formula of the relative class number of an imaginary abelian field by Yamashita Hiroshi
41
Anoteonarefinedhrmulaoftherelativeclass
numberofanilnaginaryabelianfield
HiroshiYAMAsHITA
Abstract・Wededucethefbrmula(1)in[41fbranimaginaryabelianfieldK
fromTheOrem3ofA.Wiles[31whichholdsfbracertainabelianCM-extension
ofatotallyrealalgebraicnumberfield.Sincethemaximalabelianp-extension
FcontainedinKistotallyrealwhenPisodd,thefbrmulafbllowsfrom(1)from
thisresultinl41byapplyingittoFundertheassumptionthatthelwasawa
polynomialsdonothaﾊﾉenon-trivialzeros.
Introduction.A・Wileshadproved
afbrmulaconcerningtheorderofX-part
ofthep-classgroupofaCM-丘eldasa
corollaryofthemaintheoremoflwaF
sawatheoryundersomerestrictionsto
thecharacterX,c.fTheorem3in[31.
Sincethemaximalp-subextensionFof
animaginaryabelianfieldKistotally
real,wemustbeabletoleadthefbrmula
of[41fromtheresultof{31.Theaimof
thispaperistoshowthis.Fbrthisend,
wesOlveap-adicrationalityproblemfbr
imegralrepresen尤銚ionsofafiniteabelian
groupG.LetObeafimteintegralex-
tensionoftheringZpofp-adicintegers,
wherepisaprimenumber.Weshow
amethodtoreducerepresemationsofG
overOomothoseoverZpinthenextsec-
tion.Byusingthis,weshalldeducethe
fbrmulain[4fbracychcimermediabe
丘eldofK/Fwhichisimaginaryjwhose
degreeoverFisprimetopandwhere
everyprimeidealsofFlyingabovepaJfe
neitherramifiednorcomPletelydecom-
平成29年lO月30日受理
posed.
1．P-adicrepresentationsofafi-
niteabeliangroup.LetQ(reSp.Qp)
beanalgebraicclosureofQ(reSp.Qp).
Wechooseanembeddingof@intOPb
andnxitoncefbrantoregardQasa
subfieldofQp.LetGbeafiniteabenan
group.LetXbethecharacterofaone-
dimensionalrepresentabionofGoverQp.
Letxei(j=1,…,9)beconjugatechar-
●
Q
actersbyactionofGczI(Qp/QP),where
E1=id.SinceGisabehan,asum
｡=Xe'+…+XEg
isacharacterofanirreduciblerepresen-
tationofGoVerQp.Letmbetheor-
derofXasahomomorphismofG.Put
r=Qp(Q")andO=Zp[G"},whereQn
isaprimitivemthrootofunitybLetG
bethegroupringofGoverr.Itcon-
tainsaprimitiveidempotentelemenb
*Ex(｡)｡-Lex=1ai;tg
whicllgeneratesaone-dimensional%-
algebra%exaiFordingthecharacterX.
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Thesumofeveryconjuga*eelementsof
exisalsoaprimitiveidempotentinthe
groupringQpGyieldingthecharacter｡.
WedenotebyeOthisidempotent:
g
e｡〒Z~aex｡'.
‘＝1
Sinceacommuta*ivesimplealgebraisa
field,weseeXexandQpGeOarefields
whichareoffimtedegreeoverQp.Let
g
QpGeo-→紀Ge｡=$%ex｡,
j＝1
bethecanonicalmap.Bycombimngthe
projectionontoXex,wehayeahomo-
morphismoffieldsfromQpGeOin力oex.
SinceQz,GeOandXareofadegreeg
overQp,thishomomorphismisaniso-
morphism.Thus,themaximalZp-orders
ofthesetwofieldsareisomorphic,thabis
ZpGe①二Oex.
Inthesequel,weusethesymbolOto
denotetheZp-algebrawitlloutactionof
thegroupG.Otherwise,Oexhasa
G(MI(%/Qi,)-algebrastructure.Thealge-
braZpGeOisaZPG-modmebymultiph-
cabionatthesametime"WhenpllGI,
thegroupringZpG(reSp.OG)contains
eの(reSp.eX).Hence,
g
oGe｡=$oex"" （1）
j＝1
LetMbeaZPG-module.Wedennethe
①-partMOtobe
ZpGe⑩⑭zpGM･
DenotebyOMtheextensionofcoeffi-
cientsontoO:OM=OZpM.The
X-partMXisdennedinl31as
｛ﾉ3EOM:ob=X(o)/afbreveryoEG},
第10号平成30年
whiChisrepresentedas
HomoG(OGexうりM)=Mx
fUnctoriallyJfpllGI,wehave
g
HomoG(OGeo,OM)二＄Mx｡j （2）
from(1).Weapplychan"fringThe-
orem,c.fTheorem2.38inlll,andhaN'e
theO-moduleinthelefthandsidein(2)
isisomorphicto
Ozi,HomzpG(Zz,Geo,M).
So,weintroduceanother｡-partIWdeh-
ingtobe
MO=HomZ"G(ZpGeO,M)
despitewhethertheorderofGisprime
topornot.WenoteM迄望MoifpllGl.
The｡-partMOisdualtoMOinthe
fbllowingmeaning・DenotebyM*the
PonmagindualofM,wedefine
M*=Homz､M,Qp/Zp)
whereeachoEGactsbyop=poぴ-1.
LEMMA1.(M｡)*=(M*)｡･
P7℃qfSinceZpGisacommutativering,
thetensorproductZpGeの⑧zpGMisiso-
morphictoMZpGZpGeの、Therefbre
(Mo)*=Homz､MzpGZpGeo,Qp/Zp)
=HomZpG(ZpGe@,M*)
=(M*)．．□
LetHbetheKerX・DenotebyXothe
faithfUlcharacterofG/Hinducedfrom
X.Let｡obetheQp-irreduciblecharacter
ofG/H:
x;'+…+x;'.
Lete.｡beanelementofQpGdefinedto
be
南亭．易麗,肺)･-,
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relamvetoX=XpX1.SinceeO,eZpG,
eO,MisasubmoduleofM.Itisisomor-
phictoMO,andMO'・Thisimplies
Mb二(e⑳1M)｡p,M曇竺(e･,M)｡p.(6)
WeremarkOGeOisanindecomposable
OGp-module.
whereIG/H1isacompletesetofrepre-
sentativesofG/H.Put
?
?》??
eH==
Wehayearelation
（3）e｡=e｡oeH･
SinceHactsonQpGeOtriviallyjwesee
MOandMOarealsotrivialH-modules.
Weconsider｡oaclassfmctionOfGby
①0(O)=｡0(5)fbreveryoEG.Let
MHbethesubmoduleofMconsisting
ofeveryelementswhichareinvariantby
actionofH・Weobserve
Mo=(MH)①=(MH)｡o. （4）
Let"beanidealofZpGgeneratedby
/3－1fbreveryeveryelementshofH.
AfactormoduleM/IIIMisthemaxi-
malquotientofMwhereHactstrivially.
Since
ZpGeoIH=0
holdsinQi,Gfrom(3),theimageof
ZpGe①⑭Zi,GIHMintoZpGeの⑭ZpGM
vanishes.TmS'
Mo=(MH)①二(MH)｡｡ （5）
isvalid.
LetGp(7℃Sp.G,)betheSylOWp-
subgroup(reSp.thell'-subgroup)ofG.
WehaveG=Gp×G,.Corresponding
tothisdecompositionintoadirectprod-
uct,thecharacterXisdecomposedinto
thep-paJftXpandthepﾉ-partX1、These
cllaraCtersyieldidempotentelements｡p
and｡,inQpGpandZpG,,respectively&
Wehayeaproductdecomposition
の＝のpの’
2.AtheorexnofA．Wiles･Athe-
oremconcernlngi theorderoftheX-part
oftheSylowp-subgroupoftheidealclass
groupofaCM-neldisprovedin[31.Let
fﾉbeanadditivevaluationofQpnormal-
izedtobef！p(p)=1.LetKbeannite
abelianCM-extensionofatotallyreal
numberfieldFofafimtedegree.Sup-
posep､isodd・LetXbeacharacterOf
G=GQI(K/F)andHbethekernelof
X.Denoteby&thefixedintermediate
fieldbyH.WesupposeFXisalsoaCM-
field.LetIbethesetofintegralideals
ofFwhichareprimetotheconductorof
Fi/F.Thissetisasemi-groupbymul-
tiplicationofideals.TheArtinmapin
class且eldtheorygivesasurjectiveho-
momorphismofthissenn-groupontothe
GaloisgroupGcMI(FX/F).LetI(o)bethe
pre-imagebythismapofoEGcII(FX/F).
Thepartialzetafimctionassociatedtoo
isahlnctiononWs>1dennedtobe
<､s)=E*
dEI(d)
whichiscominuedtothewholecomplex
plainmeromorphicallyandhasasimple
poleats=1.TheL-fUnctionconcern-
ingthecharacterXisafunctionobtained
fromthepartialzetafilnctions.Namely,
E
oEGQz(FX/F)
x(o-')<6(s).L(s,x)=
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ThisL-fmctioniswrittenasL(s,Xo)to
becorrect.Let"betheTbichimiiller
characterofGcII(F(Q,)/F).ByTheorem
3in(31,Wehave
THEoREM2.Assumet加ttﾉ'eoRierqf
Xisprime加pandt/mtefﾉe7､Z/primeide-
qJSqfFJz/伽9a6ofﾉep(z7℃〃eit/lermmi-
jied〃orcompletel!ﾉdecomposed.LetMI)e
仇eGa伽s9mupqf仇emaz伽alunmm-
jjie(M6elmnp-e"tensionqfFX.Letpmx0
bet/Zenumberqfp-pouﾉer7℃otsqfwz"
co"加伽ed伽吸．me"'fﾉp(#MxO)=
gfﾉp(L(0,x5'))+mx｡.
Wetransfbrmthisresultimoap-adic
rationalfbrmulaconcerningtheorderof
the｡-partofthep-partoftheidealclass
group.SinceOisafreeZp-moduleofa
rank9,wesee
tﾉp(io(Mo｡))=9'ﾉp(#Moo)
Bytheequality(2),wehaNre
’ﾉp(Mo(M･0))=9EL,Up(L(0,x5g,))
g
+Emx;,,
j=1
whereweabusenotationanddenoteby
X5e@thecharacter(X5')g'.Comparing
theseequalities,weobtain
CoRoLLARY3.1ﾉp(MMoO)e9"Ist/ze
"I"eEL,2ﾉp(L(0,We@))+EL'mx;'"
WenotemX;,=0ifX;#≠“・
WestudythecasethatXisacharac-
terofGandMistheGaloisgroupofthe
maximalunramifiedabelianp-extension
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ofK・Fbrthisshake,wekeepthesym-
bolMtodenotetheGaloisgroupofthe
unramifiedmaximalabelianp-extension
overFXandwritethatoverKasMK.
SetthekernelofXtoH.
THEoREM4.AssUmeplIK:FItmd
eUew"7neide(zIsQMRIzﾉ畑a60"ep
a7Ene肋errami/iedno7･completeIzﾉde-
compOSedOfﾉey､F.ZYlen,the/bw｡伽舵e
Zp-mo(MesMO,MOo,M①andMooα祀
加勿肌seisomo叩hic.
P7℃QfThenaturalmapoftheidealclass
groupofFXtothatofKistransfbrmed
throughtheArtinmaptotransfer
t:M-→Mf(7)
oftheGaloisgroups.SincepllHI,the
TatecohomologygroupHo(H,MK)van_
ishes・Hence,
Mg=JVir(MK)
holds,wherelVHdenotesthenorlnmap
ofanH-module,thatisNH(m)=
ⅡaEH(om).Ontheotherhand,the
arithmeticalnormmap
Mr/F;<:MK->M
isdefined.Thesemapst,IVHandJVK/B<
sahisfyrelahions
tojVK/F;<=jVH,IVK/FB<ot=IK:FX1.
Sincepl[K:&1,themaptisisomorphic
andanisomorphism(MK)①里M｡oiS
deduced.SincepllG|,wehave(MK)①里
(MK)｡andMOo=MOo. □
CoRoLLARY5.Ui,(#(MK)｡)ise9""J
tothe"[MI"eqfEL,Up(L(0,Xri))+
EL'mx;'･
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3．ArtinﾂsL-hnctions.Weintro-
duceArtin'sL-fUnction,c./[2].Fbra
while,westudyafiniteGaloisextension
K/kofhnitenumberfieldsanddenote
byGtheGaloisgroupofK/hingen-
eraltodefineArtin'sLfUnctions.Let
VbeacomplexrepresentationofG.
FbreachprimeidealPofk,wechoose
oneofitsextensionsontoKandfixed
it.Denoteby"theextensionofIJ.
LetGq3(reSp.IW3)bethedecomposition
(reSp.inertia)groupofW3.Let"EG"
beanobeniussubstitution.Then,the
ArtinL-hmctionahtachedtoVisafilnc-
tion
L(s'v)=ndet(1_叩Np-slvI")-'
p
dennedinWs>1andiscontinuedan-
alyticallybWhenVisone-dimensional
andXisthecharacteraffbrdedwithV,
WehaveV=Cexfbrthecorresponding
idempotentelementex.PutH=KerX.
SinceexisinvariantbyactionOfH,we
observe
｛届,麓簔1V恥＝
Thus,theprimelJappearingintheabove
productrunspracticallyoverthesetof
everyprimeidealsofFwhichareunram-
ifiedin&.Namely,theArtinZ,-fmction
intherightcoincideswiththeL-fimction
L(s,xO).
WeapplytheWilestheoremtoan
imaginaryabelianfield.SupposeKisan
imagianryabelianfieldOfafinitedegree
andFisthemaximalp-subextensionof
QcontainedinK.Sincepisodd,Fisa
realabelianfield.LetGpbetheSylow
'subgroupOfG=GcMI(K/Q).Then,
G,=G(MI(K/F)andGp=GczI(FｿQ).
ThecomplexrepresemabionCex=Cexo
inducesarepresentationofG:
Indacex｡=nL(s,c@Ⅷ｡).
u'EGp
SinceArtinL-fimctionsintherightcOin-
cidewithL-hlnctionsrelahivetocharac-
tersXo"0,wehave
z,(s,Ind:,cex｡)=nL(s,xoi"0).
'EGp
Ontheotherhand,theArtinL-filnction
ofaninducedrepresentationistheL-
ftmctionoftheoriginalcharacterXo:
L(s,Indg,Cex｡)=L(s,Xo)･
Consequently,wehave
L(s,Xo)=nL(s,"0).
へ
V'EGp
WeleadtothefbllowingreSult:
THEoREM6・LetK6eqnim(z9伽α叩
q6e"αnjieldtmdFbetllem""qjp-
su6e"tensjon,LetXbe(zcJMwncterqf
GaI(K/F)SUc賊加tFMsα冗伽叩伽aw
q6e"an/ield・AsswneefJe7､Z/p7､imeide(zIS
qfF〃伽9(zbof)ep(z7℃〃e肋ermmilied
norcompleteIZ/decomposed伽吸．剛e伽，
g
@jp(M(MK)｡)=ZZU,,(L(0,x5""51))
序1V'eCp
+Zmx;'w
j＝1
hltheremainderpart,weprovean
analogousresultfbrlwasawamodulesof
cyclotomicZp-extensionsthatisusedin
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theproofofTheorem4.LetKbea
CM-fieldofafinitedegreeandFbea
totallyrealsubfieldsuchthatK/Fis
anabelianextensionwhoseextensionde-
greeisprimetop.PutG=GcMI(K/F)
andXbeitscharactersuchthatFXis
alsoaCM-field.LetQ｡｡bethecyclo-
tomicZP-extensionofQanddenoteby
Q"itsnthlayer.Thereisaninｶegerno
suchtha'GqI(KQ｡｡/FW｡｡)isisomor-
phictoGczI(KQ"/FXQ")andsuchthat
IKQ"+m:FW"+ml=[KQ":FXQ"l
holdsfbreverypositiveinｶegers”≧nO
andeverym>0.LetA"(reSp.AIM)be
theSylowp-subgroupoftheidealclasS
groupofFW"(祀叩.KQ").Thereisa
naturalmap
j":A"->A暇
fbreachn.LetIVｹ,+m,"bethenormmap
ofQ"+mtoQ".When"≧"0,wehaN'e
j"oM+m,"=M+m,"oj"+m
Hence,thesystem{j"}"≧"oinducesaho-
momorphism
j:limA"－→1imALH
←←”
whereprojectivelimitsareobtainedpro-
jectivesystemsdefinedfromnormmaps.
LetX'(reSp.Xir)betheGaloisgroup
ofthemaximalunramifedabenanpro-
p-extensionofFXQo｡("sl'.KQ｡｡).Let
TbethecomplexconjugationofK・Put
XK="~')andX=X'(｢-'1The
abovemapjyieldsahomomorphism
t:X-→X鍔，
whichisanalEueoftransferin(7).We
assumethaMhe"-invarianbofXgand
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Xarezero・Then,theseZp-modulesare
freeofnniteranks．T畑S
Ho(H,XK)=Xf/jVH(XK)
isafiniteZp-module.LetNKQ｡｡/FWoo
bethearithmeticalnorm.Wehave
MrQ｡｡/FkQooot=IKQ｡｡:FW｡｡l.
Itfbllowsfromtheseequalitiesthatthe
maptisinjectiveandofafinitecokernel.
Therefbre,wehavepseudo-isomorphisms
(oxK)x～(OX)Xo,(XK)①～Xのo
{xK)①～Xoo.
SincepllK:Fl,thesepseudo-
isomorphismsareactuallyisomorphisms.
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